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Abstrat
The ritial behavior of the Ising model with non-onserved dynamis and an external driv-
ing eld mimiking a shear prole is analyzed by studying its dynamial evolution in the short
time regime. Starting from high temperature disordered ongurations (FDC), the ritial
temperature Tc is determined when the order parameter, dened as the absolute value of the
transversal spin prole, exhibits a power-law behavior with an exponent that is a ombination
of some of the ritial exponents of the transition. For eah value of the shear eld magnitude,
labeled as γ˙, Tc has been estimated and two stages have been found: 1) a growing stage at
low values of γ˙, where Tc ∼ γ˙
ψ
and ψ = 0.52(3); 2) a saturation regime at large γ˙. The same
values of Tc(γ˙) were found studying the dynamial evolution from the ground state ongura-
tion (GSC) with all spins pointing in the same diretion. By ombining the exponents of the
orresponding power laws obtained from eah initial onguration the set of ritial exponents
was alulated. These values, at large external eld magnitude, dene a new ritial behavior
dierent from that of the Ising model and of other driven lattie gases.
PACS numbers: 75.30.Kz; 64.75.+g; 05.45.pq; 05.70.Ln.
1 Introdution
The statistial mehanis of equilibrium phenomena is a very useful theoretial framework for un-
derstanding the thermodynami properties of manypartile systems from a mirosopial point
of view. However, in nature, most of the systems evolve under out-of-equilibrium onditions, and
there is not yet a suitable general framework to study them as in the ase of equilibrium systems.
Nevertheless, some progress have been ahieved in the knowledge of far from equilibrium behavior
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by means of simple models, apable to ath the essential physis of non-equilibrium proesses.
In this ontext, we introdue a very simple model, derived from the Ising model, driven out of
equilibrium by an external eld that mimis the eets of a uniform shear prole [1℄. This model
evolves with a non-onserved dynamis, orresponding to model A in the lassiation of Hohenberg
and Halperin [2℄, and it was already used by Cavagna et. al [3℄ and by Cirillo et. al [4℄ to study
phase separation.
We will fous on the study of phase transition properties in this model. Typial ongurations
observed in our simulations are displayed in gure 1. At low temperatures the system appears
ordered with elongated domains direted along the eld diretion. At high temperatures the system
exhibits a gas-like appearane with disordered patterns. Similar ordered and disordered phases, also
experimentally found [5℄, generally haraterize the behavior of sheared binary systems. As usually
in systems with an applied external eld, the transition point is a funtion of the magnitude of the
driving eld [6℄.
Figure 1: Snapshot ongurations orresponding to the two phases of the Ising model with shear.
On the left panel we observe a typial stripe-like onguration at T < Tc. On the right panel a
onguration at T > Tc is displayed. The external eld is applied along the horizontal axis.
Previous theoretial and experimental studies have shown that sheared binary systems undergo
a seond order phase transition at a ritial temperature Tc [6℄. In diusive systems the eet of
the external driving eld is to inhibit utuations so that the ritial temperature is expeted to
inrease with the magnitude of the driving. In a ontinuum model with nononserved dynamis, in
the large-N analytial approximation, it has been found that the value of the ritial temperature
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depends on the driving eld following a power law at small eld magnitudes [7℄. In previous Monte
Carlo studies on the ritial behavior of sheared Ising models [8℄, it was not possible to extrat
information about the ritial temperature, due to numerial unertainties and nite size eets [9℄.
In view of this, we revisit this issue, in order to determine the ritial temperature of the model
as a funtion of the magnitude of the external eld, and to ompute for the rst time the ritial
exponents in this model. For the sake of omparison, we will ontrast the obtained values with
those omputed for the 2d driven lattie gas model (DLG) [10℄ that will be briey desribed in the
next setion.
To study the phase transition in the model, the ritial dynamial behavior will be investigated
by monitoring the time evolution of some observables before the system reahes nonequilibrium
steady states (NESS). This tehnique, generally alled short time dynamis [11, 12℄ is an alter-
native onvenient way to obtain both the ritial temperature and exponents preisely, with less
omputational ost than other methods ommonly used, suh as the nite size saling applied to
the spei heat and response funtions, that require a onsiderably amount of simulation time
in order to reah NESS. Furthermore, sine the measurements are arried out in the rst steps of
evolution, the short time dynami approah is free of the ritial slowing down.
The manusript is organized as follows: In Setion 2, the Ising model with the external shear
eld is introdued. The tehnique used to study the phase transition is desribed in Setion 3. The
simulation results are presented in Setion 4, and nally the onlusions are stated in Setion 5.
2 The model
We will onsider the nearestneighbor twodimensional Ising model with a singlespinip ther-
malization dynamis, e.g. the Metropolis dynamis [13℄. The driving eld will be dened in order
to mimi the onvetive veloity shear prole
vx(y) = γ˙y vy = 0 (1)
where the parameter γ˙ is alled the shear rate and represents the shear eld magnitude. If the
system is imagined as a sequene of layers labelled by y, then γ˙y is the displaement of the layer
y in a unit of time. If Ly is the vertial size and vmax is the speed of the fastest layer, then
γ˙Ly = vmax.
The model is dened on a square lattie Λ of horizontal and vertial sizes Lx, Ly respetively,
with periodi boundary onditions in the Lx diretion and free in the Ly diretion. More preisely,
let Ω = {−1,+1}Λ be the spae of ongurations and, for σ ∈ Ω, let σx,y be the value of the spin
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assoiated to the site (x, y) ∈ Λ. Then the Hamiltonian of the model is
HΛ(σ) = −J
Ly∑
y=1
Lx∑
x=1
σx,yσx+1,y − J
Lx∑
x=1
Ly−1∑
y=1
σx,yσx,y+1 (2)
with σLx+1,y = σ1,y for all y = 1, . . . , Ly, and J is a positive real oupling onstant, whih means
that the interations are ferromagneti. We will ombine the thermalization dynamis with an
algorithm introduing the shear in the system. The shear is superimposed to the thermalization
dynamis with typial rates not depending on the thermalization phenomenon, but xed a priori.
This has been done in dierent ways in [3, 8, 14℄. In this paper we use a very dutile generalization
of those dynamis aiming to introdue the shear eets in a way resulting ompetitive with respet
to the thermalization proess. Notie that our dynamis results from the ombination of two steps:
i) a thermalization step whih would bring the system in the usual equilibrium; ii) a shear step
whih hanges the ongurations of the system forbidding to reah the equilibrium. Therefore,
all together, our algorithm does not satisfy loal detailed balane expressed in terms of standard
equilibrium probabilities of ongurations. Similar models have been also used in dierent ontext
of non-equilibrium studies [15℄.
Let the time unit be the time needed for a full thermal update of the entire lattie, e.g. a full
sweep of the Metropolis algorithm. The shear algorithm is parametrized with a submultiple τ of
LyLx (the period of the shear proedure), a positive integer λ ≤ Lx/2 (the number of unit ells that
a row is shifted when the shear is performed), and a nonnegative real ν ≤ 1/Ly. The dynamis of
the model that we study in this paper is dened in a preise way via the following algorithm:
1. set t = 0, hoose σ0 ∈ Ω, and set n = 0;
2. inrease by 1 the index n, and hoose at random with uniform probability 1/LxLy a site of
the lattie and perform the elementary singlesite step of the thermalization dynamis;
3. if n is multiple of τ a layer is randomly hosen with uniform probability 1/Ly. Then, if y¯ is
the hosen layer, all the layers with y ≥ y¯ are shifted by λ lattie spaings to the right with
probability νLy;
4. if n < LxLy goto 2, else denote by σt+1 the onguration of the system;
5. set t = t+ 1, set n = 0, and goto 2.
We note that if ν = 1/Ly the shift at step 3 is surely performed and this ase will be later addressed
to as full shear. The smoothness of the shear eld, eqs. (1), is ensured by the random hoie of the
layer y¯ in step 3. Now we want to express the shear rate γ˙, introdued in equation (1), in terms
of the parameters of our dynamis. We have to estimate the typial displaement per unit of time
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of the row labelled by y. Suh a row is involved in a shear event, step 3 of the algorithm above, if
and only if the extrated row y¯ is suh as y¯ ≤ y, and this happens with probability y/Ly. Sine the
shear event results in a shift with probability νLy, the probability that during a shear event the
row y does shift is given by
y
Ly
× νLy = νy.
By noting that the number of shift events per unit of time is equal to LxLy/τ and realling that
the shift amplitude is λ, we have that the typial shift of the row y per unit of time is given by
LxLy
τ
× λ× νy.
By using denition (1) we nally get γ˙ = LxLyνλ/τ , whih beomes γ˙ = Lxλ/τ in the ase of full
shear.
It is important to remark that there exists a large variety of models that evolve under non equilib-
rium states by the ation of an external eld. An example is the driven lattie gas (DLG) where
the driving eld is not superimposed to the thermalization dynamis, but it is rather inserted in the
Metropolis transition rates, that beome anisotropi, and biases the movement of partiles along its
diretion [10℄. Furthermore, it exhibits a seond order phase transition at partile density ρ = 1/2,
between an ordered phase at low temperatures haraterized by regions of low and high partile
density, alled stripes, oriented along the eld diretion, and a disordered phase at high temper-
atures with the appearane of a lattie gas. Both ordered and disordered phases have a similar
appearane with those exhibited in gure 1. The ritial temperature inreases with the magnitude
of the external eld, saturating at Tc ∼ 1.41Tc(0) in the ase of innite [10℄. Here, Tc(0) = 2.269
J/kB is the ritial temperature of the 2d Ising model (J is the oupling onstant and kB is the
Boltzmann onstant).
3 Dynamial Critial Behavior
It is known that, for systems exhibiting ritial behavior, the relevant observables measured in
equilibrium stationary states an be written in terms of power laws, with harateristi ritial
exponents due to the divergene of both the spatial orrelations and the orrelation time. In reent
years, however, the attention has been also foused to the early stages of the evolution of the sys-
tem towards the ritial state, that is, to a mirosopi time regime where the spatial orrelation
length is small ompared with the system size [11℄. Within this regime, it is possible to measure
saling laws of the observable quantities [12, 16℄. This new method to study seond-order phase
transitions, alled short time dynamis, allows to estimate the ritial temperature and to ompute
the ritial exponents of the transition with relative quikness and avoids the shortomings that
more usual tehniques present to study ritial behavior. Furthermore, the short time dynamis
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has been applied to investigate the ritial behavior of a wide range of systems of dierent nature,
suh as models showing ritiality under equilibrium onditions, suh as e.g, the XY systems [17℄,
the 2d 3-state Potts model [18℄, the Ising magnet under dierent lattie geometries [19, 20℄, and
of nonequilibrium ritial models suh as the driven diusive lattie gas (DLG) [21, 22, 23℄, et.
In these last three works, a detailed analysis of the seond-order [21, 22℄ and rst-order [23℄ non-
equilibrium phase transition was performed by using the short time ritial dynami methodology.
For the seond-order phase transition, the exellent agreement between ritial exponents evaluated
using the standard (stationary) and dynamial (short time) approahes strongly support the ro-
bustness of this method. Enouraged by this suess, our goal is to extend the short time dynamis
onept to this model, basing our ideas on the already developed short time dynamis method for
the DLG model in ref. [21℄.
The above mentioned saling laws an be observed employing two dierent initial ongurations,
namely: 1) Fully disordered ongurations (FDC's), whih means that the system is initially plaed
in a thermal bath at T →∞ , and the system onguration is similar to that exhibited on the right
panel of gure 1; 2) Completely ordered ongurations or ground state ongurations (GSC's) as
expeted for T = 0. In our model, based on the fat that the equilibrium Ising model has all the
spins pointing in the same diretion (i. e. magnetization M = 1 or -1) at this temperature, we will
adopt this onguration as the ground state for testing the short time dynami behavior.
The shear eld introdues anisotropi eets, that generates anisotropi orrelations in the system.
As a onsequene of this, there will be two orrelation lengths, namely: 1) A parallel or longitudinal
orrelation length ξ‖ along the external eld diretion, and 2) A perpendiular or transverse or-
relation length ξ⊥ perpendiular to ξ‖. Whatever the initial ondition is used to start the system,
both spatial orrelation lengths are quite small or zero at the beginning of the dynami proess, and
near the ritial temperature Tc they inrease dynamially as a power law ξ‖(⊥) ∝ t
1/z‖(⊥)
, where
z‖(⊥) is the dynami ritial exponent in the respetive diretions.
Before we start to desribe the theoretial basis of the tehnique applied to this model, we set the
external driving eld along the horizontal diretion, i.e. the x axis. Also, we need to dene quanti-
ties that are relevant in the ritial behavior of the model. Based on the morphologial appearane
of typial ongurations present in the system (see gure 1), we will onsider a variant of the order
parameter OP employed in the ritial study of the DLG model [21℄:
OP =
1
Ly
Ly∑
y=1
|P (y)|, (3)
where P (y) = 1Lx
∑Lx
x=1 σx,y is the average of the spin prole in the shear eld axis.
The order parameter dened in this way an take into aount the small ordering that appears at
the early stages of the evolution.
There is one more point to take into aount before we start to expose the method applied to
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this system. In all formulas below we will assume, and demonstrate later, that only the parallel
orrelation length is relevant in the short time ritial evolution of the system. In fat at T ≃ Tc(γ˙)
and at early times of evolution, parallel and perpendiular orrelations begin to inrease. However,
domains of perpendiularly orrelated spins are broken by the shear, and assume a harateristi
elongated shape, also observed in many experimental studies of sheared systems. As a onsequene
of this, transversal orrelations grow slower than parallel orrelations, so they do not take part in
the dynami ritial behavior of the model at short times. This eet was also shown for the DLG
model [21, 22℄. Sine this happens independently of the initial onguration, we will take z = z‖ in
every expression below. Furthermore, they must ontain the anisotropi nite size dependene in
order to math the usual anisotropi saling forms for the NESS regime.
Starting with FDC's, the saling law proposed for the order parameter (OP ) reads [21℄,
OP (t, φ, Lx, Ly) = b
−β/ν‖OP ∗(b−zt, b1/ν‖φ, b−1Lx, b
−ν⊥/ν‖Ly), (4)
where t is the time, b is the spatial resaling fator, β is the ritial exponent of the order parameter,
ν‖(⊥) are the orrelation length ritial exponents in the x(y) axis (ξ‖(⊥) ∝ φ
−ν‖(⊥)
), OP ∗ is a saling
funtion, z is the already mentioned dynami exponent of the longitudinal orrelation length, and
φ = T−TcTc . Notie also that Ly is resaled by b
−ν⊥/ν‖
to inlude possible shape eets in the
dynami ritial behavior [10℄.
To generate the FDC initial onditions, the lattie is lled at random with exatly ρ0LxLy partiles,
being ρ0 = 1/2 the density of up spins. However, the number of partiles on eah row parallel to the
eld axis is not the same for all rows. This generates tiny density utuations along this diretion,
whih are of the order of (1/Lx)
− 12
, in agreement with the entral limit theorem. Aording to
equation (4), these utuations add up, and the amplitude of OP depends on L
−1/2
x
1
. We have to
take into aount this expression for the nal form of the time evolution of OP . Setting b ≃ t1/z,
eq. (4) beomes:
OP (t, φ, Lx, Ly) = t
−β/ν‖zOP ∗(1, t1/ν‖zφ, t−1/zLx, t
−ν⊥/ν‖zLy). (5)
Then, if t−1/zLx is extrated out of the sale funtion in Eq. (5), we have:
OP (t, φ, Lx, Ly) = t
−β/ν‖z(t−1/zLx)
xOP ∗∗(1, t1/ν‖zφ, t−ν⊥/ν‖zLy), (6)
but sine OP ≃ 1/L
1
2
x , then x = −1/2, so, the nal expression for OP (t) is the following:
OP (t, φ, Lx) = L
−1/2
x t
c1OP ∗∗(t1/ν‖zφ) Lx, Ly →∞, (7)
1
These utuations are equivalent to the initial magnetization m0 in the original formulation of short time
dynamis [16℄.
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with c1 = (1− 2β/ν‖)/2z [21℄.
Furthermore, it is easy to show that the logarithmi derivative of OP with respet to φ, given
by Eq. (7) at ritiality, behaves as
∂φlnOP (t, φ) ∝ t
c2 , (8)
where the exponent is c2 = 1/ν‖z.
On the other hand, starting the system from the GSC onguration desribed above, and aording
to the saling behavior proposed in [21℄, we have
OP (t, φ, Lx, Ly) = b
−β/ν⊥OP ∗∗∗(b−zt, b1/ν⊥φ, b−1Lx, b
−ν‖/ν⊥Ly), (9)
where OP ∗∗∗ is another saling funtion . Here we have also inluded the shape saling fator
b−ν⊥/ν‖Ly. Proeeding in the same way as in the above ase, we have, taking b ≃ t
1/z
in (9) at
ritiality, the following expression for OP :
OP (t) ∝ t−c3 Lx, Ly →∞, (10)
with an exponent c3 = β/ν⊥z. Moreover, the derivative of Eq. (10) with respet to φ at ritiality
is given by
∂φOP (t) ∝ t
c4 , (11)
where the exponent is c4 = (1 − β)/ν⊥z.
4 Simulation Results
4.1 Critial Temperature
In this work we used retangular and square latties of dierent sizes Lx, Ly, in the range 128 ≤
Lx, Ly ≤ 10000 lattie units. The ritial dynamis of the model was investigated as a funtion of
the shear magnitude, in the range 1/32 ≤ γ˙ ≤ 50. The temperatures were measured in units of
J/kB, kB being the Boltzmann onstant, and the time is measured in Monte Carlo steps (ms),
where one unit onsists of LxLy attempts for spin updates. The time evolution was sampled from
100 to 1000 realizations of the system, aording to eah initial ondition and temperature.
We begin showing our results by onsidering the ritial dynami evolution of the system when it is
started from FDC ongurations, and then oupled with a thermal bath at T ≃ Tc. In gure 2, the
time evolution of OP (t) is shown for a system where a shear eld is applied with shear rate γ˙ = 5.
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The best power law behavior is obtained at T = Tc = 2.660 before OP (t) reahes a saturation value
due to nite size eets. On the other hand, if T < Tc or T > Tc, OP deviates from the power law
behavior as equation (7) states, and the urve shows an upward or downward bending, respetively
(see the urves orresponding to T = 2.655 and T = 2.665 in the same gure)
100 101 102 103 104
t
1.000
1.500
2.250
3.375
O
P(
t)
T=2.655
T=2.660
T=2.665
Figure 2: Log-log plot of the short time evolution of OP (t) starting from FDC ongurations, in a
system with Lx = Ly = 512 and γ˙ = 5. The best t of the raw data gives a power law behavior at
Tc = 2.660, as it is indiated by the dashed straight line. Upward and downwards deviations from
this behavior an also be observed for T = 2.655 and T = 2.665, respetively.
The ritial dynami evolution was investigated by performing simulations also on retangular
latties. The plots in gures 3 display the dynami evolutions of OP (t) at T = Tc for two shear
eld magnitudes, γ˙ = 1/2 and γ˙ = 10 in a) and b) panels, respetively. The lattie sizes used are
indiated in the legend of eah plot by the notation Lx × Ly. In the main plots of eah gure, all
early-time evolution exhibits the same power-law behavior with similar values of the exponent c1
(equation (7)). Then, a saturation value is reahed, OPsat, that depends only on Lx, as it an be
observed in latties with longitudinal sizes Lx = 500 and Lx = 1000 for γ˙ = 1/2 and Lx = 500 for
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γ˙ = 10 respetively. So, these plots show that the early-time ritial evolution of the system is free
from lattie shape eets [10℄, beause the relation between the longitudinal and transversal sizes
is dierent for eah studied ase. The same was observed in the short-time ritial evolution of the
DLG model [21℄. In addition, the power law behaviors an be ollapsed by resaling OP (t) by L
1/2
x
as it is proposed in equation (7). This is shown in the insets of both gures
10
100 102 104
t
10-2
0.02
0.05
0.10
O
P(
t)
400x400
500x1000
500x2000
600x600
800x800
1000x500
1000x1000
1200x1200
2000x500
100 102t
1
O
P(
t) 
L x
1/
2
a)
102 104
t
0.01
0.05
0.10
0.20
O
P(
t)
100x200
200x100
256x256
500x1000
500x2000
1000x500
100 102t
1
O
P(
t) 
L x
1/
2
b)
Figure 3: Log-log plots of the time evolutions of OP (t) at T = Tc, for the system in retangular and
square latties of sizes Lx × Ly, as indiated in the legends. In a) the external eld has magnitude
γ˙ = 1/2 while in b) the shear eld magnitude is γ˙ = 10. The straight lines are least-square ts of
the data. The insets in eah gure show the ollapse of the power law behaviors when OP (t) is
multiplied by L
1/2
x
Then, the ritial points of the system at several values of the shear eld magnitudes γ˙ were
found. Figure 4 shows that the power-law behavior of OP ollapses for large values of γ˙, i.e.
γ˙ = 5, 10 and 50, and ours at approximately the same ritial temperatures for eah shear rate.
These temperatures are larger than the estimated for the equilibrium Ising model, Tc(γ˙ = 0) = 2.269
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(see table 1). However, the time evolution of OP depends on the shear eld if γ˙ is small, as it an
be seen for the ases γ˙ = 1/32 and γ˙ = 1/10. Although these magnitudes are quite small, they are
enough to raise the ritial temperature to Tc(γ˙ = 1/32) = 2.29 and Tc(γ˙ = 1/10) = 2.395, both
lose but greater than the ritial temperature of the Ising model. This onrms that the ritial
temperature depends on the shear eld magnitude, as found by theoretial studies [7℄.
100 101 102
t
1
1.5
2.2
O
P(
t)
γ=1/32
γ=1/10
γ=5
γ=10
γ=50
.
.
.
.
.
Figure 4: Log-log plots of the time evolutions of OP (t) at T = Tc orresponding to systems with
dierent shear elds. The magnitudes γ˙' are indiated in the legend.
One that the ritial temperatures Tc orresponding to the dierent γ˙'s were olleted, a di-
agram of ritial temperatures versus γ˙ an be performed. Figure 5 shows that two regimes an
be distinguished. In the rst regime, the ritial temperature grows with γ˙ as a power law, i. e.
Tc(γ˙)/Tc(0) − 1 ∝ γ˙
ψ
. The value of the exponent was estimated in ψ = 0.52(3), whih is on-
sistent with that alulated theoretially in [7℄. In this work (ref. [7℄), the ritial transition in
the ϕ3 → 〈ϕ2〉ϕ approximation was studied in a salar eld model based on a onvetion-diusion
equation with Landau-Ginzburg free energy, with the average 〈ϕ2〉 self-onsistently determined.
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Above the lower ritial dimension, the exponent ψ was evaluated to be 1/2 and 1/4 for the ases
with non-onserved and onserved order parameter respetively.
Then, Tc rosses over to a saturation regime at larger γ˙'s, saturating at Tc(γ˙) ∽ 1.18Tc(0),
where Tc(0) ≅ 2.269 is the ritial temperature of the 2D Ising model. The inrease of the ritial
temperature by ation of the external eld, and a posterior saturation regime was also observed in
the DLG model [10℄. We want to remark also that in real uids there is also a negative ontribution
to the shift of the ritial temperature oming from hydrodynamis interations [24℄. The total shift
of Tc results to be negative for uids with low moleular weight [24℄, was also found in experiments
[25℄. A review for other systems is given in [6℄.
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Figure 5: Diagram of ritial temperatures Tc(γ˙)/Tc(0)− 1 versus γ˙, in log-log sale. The t of the
data points in the growing regime gives a slope ψ = 0.52(3).
On the other hand, if the system is started from the GSC initial ondition (i.e. magnetization
equal to 1), and then it is left to evolve at the working temperature T ≃ Tc, OP (t) dereases, and
follows a power law behavior at T = Tc. Upwards or downwards deviations are observed aording
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if T < Tc or T > Tc, respetively. Figure 6 exhibits the evolution of OP (t) for the same parameters
of gure 2. A lear power law behavior an be observed at T = 2.66, whih is exatly the same
temperature found when the system was started from FDC ongurations. This is preisely the
signature of a seond-order phase transition in the model. In addition, the expeted deviations from
the power law behavior at T = 2.65 and T = 2.67 are also observed.
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Figure 6: Log-log plot of the time evolutions of OP (t) orresponding to a system set in a square
lattie of size Lx = Ly = 512 with shear rate γ˙ = 5. The working temperatures of the thermal bath
are indiated in the legend. A power law behavior is observed for Tc = 2.660 J/kB. The dashed
line is a t of the numerial data.
Proeeding in the same way we did for the evolutions started from FDC's, the ritial behavior
of the system was investigated when it is started from GSC ongurations in retangular latties.
Figures 7 a) and b) show the ritial time evolution of OP when the system is initiated from a GSC
onguration, orresponding to γ˙ = 1/2 and γ˙ = 10, respetively. It is important to remark that the
best power law behavior was obtained when the systems evolved at the same ritial temperatures
found when they were initiated from FDC ongurations. Aording to the results, the transversal
14
size Ly does not play a relevant role in the ritial behavior of the system as it is shown in the
evolutions in latties with Lx = 500 (gure 7 a) and b)) and also with Lx = 2000 (gure 7 b)), but
rather the longitudinal size Lx is relevant. This is in agreement with the results previously exhibited
in gure 3, and allow to onlude that that the ritial evolution of the system is independent of
lattie shape eets for both initial ongurations.
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Figure 7: Log-log plots of the time evolutions of OP (t) at T = Tc, for the system set in retangular
and square latties of sizes Lx × Ly, as indiated in the respetive legends. In a) the external eld
has magnitude γ˙ = 1/2 while in b) the shear eld magnitude is γ˙ = 10. The dashed lines displaed
are least-square ts of the obtained data.
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4.2 Critial Exponents
Fousing our attention on the power law behavior at the T = Tc, the exponents c1 and c2 orre-
sponding to the dynami evolution of OP (equation (7)) and its logarithmi derivative ∂τ lnOP (t, τ)
(equation (8)) an be estimated. Table 1 enlists the obtained values of Tc and the mentioned expo-
nents for small and large values of γ˙. The values of c1 and c2, for the ase of γ˙ = 1/32 are dierent
ompared with the those at larger γ˙, as it was already observed in gure 4. Furthermore, the value
of c1 for γ˙ = 50 is also slightly dierent from the orresponding ases of γ˙ = 5 and γ˙ = 10. This
seems to be a rare behavior, sine there exists a saturation regime for the ritial temperature at
these values of γ˙'s (gure 5), and we are indued to think that the dynami behavior of the system
is independent of the eld magnitude in this limit. Opposite to that, the estimated values of c2 are
quite similar in the limit of large γ˙'s.
γ˙ Tc c1 c2
1/32 2.29 0.180(8) 0.99(2)
5 2.66 0.239(1) 0.84(1)
10 2.675 0.238(1) 0.87(1)
50 2.675 0.224(1) 0.85(1)
Table 1: Exponents c1 and c2, obtained from FDC initial onditions, orresponding to the values
of γ˙ enlisted in the rst olumn.
Table 2 enlists the values of the exponents c3 and c4 that were obtained from a least-square ts of
the ritial evolution of the system when it is initiated from the GSC ongurations (see equations
(10) and (11)). Here, the same situation that happened for c1 is found for c3. In fat, the value of
c3 for γ˙ = 1/32 is dierent form the rest of the orresponding values at larger γ˙'s, and the value of
c3 for γ˙ = 50 is also dierent from the values estimated for γ˙ = 5 and γ˙ = 10. On the other hand,
the values of c4 are similar for all the reported ases of γ˙'s.
γ˙ Tc c3 c4
1/32 2.29 0.076(1) 0.65(2)
5 2.66 0.401(1) 0.63(1)
10 2.675 0.405(5) 0.62(1)
50 2.675 0.360(7) 0.62(5)
Table 2: Exponents c3 and c4 obtained from the GSC onguration, orresponding to the values of
γ˙ enlisted in the rst olumn.
Aording to the equations developed in setion 3, the ritial exponents of the seond-order phase
transition, are obtained by ombining the estimated exponents c1, c2, c3, and c4 enlisted above,
orresponding to eah ase of γ˙ investigated. Table 3 resumes the obtained results and inludes the
ritial exponents of both the Ising and DLG model for the sake of omparison. Sine this issue for
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the ase of the DLG model still remains an open problem, the obtained theoretial values from all
proposed theories exposed in refs. [10℄ and [27℄ are inluded.
γ˙ β z ν⊥ ν‖
1/32 0.105(1) 1.77(7) 0.78(1) 0.57(5)
5 0.39(1) 0.88(1) 1.10(1) 1.35(2)
10 0.39(1) 0.86(1) 1.14(1) 1.34(1)
50 0.37(1) 0.94(1) 1.10(1) 1.30(6)
Ising 2d 0.125 2.16 1 1
DLG(E=50) (ref. [10℄) 1/2 ≈4/3 ≈3/2 ≈1/2
DLG (E=50) (ref. [27℄) ≈0.33 ≈1.998 ≈1.22 ≈0.63
Table 3: Table of the alulated ritial exponents for eah ase of γ˙ employed. The ritial
exponents orresponding to both theories of the ritial phase transition of the Ising and the DLG
models are also inluded for omparison. Sine there is no anisotropy in the Ising model ν⊥ = ν‖ = ν
must be read. The results of this table do not t with the relation ψ = 1/νz suggested in [24℄. See,
however, in Set. 5, the disussion about our results our small shear rates.
An overview of this table deserves some omments. First, the alulated value of β at γ˙ = 1/32 is
lose to β = 1/8 alulated for the 2d Ising model. This similarity ould drive us to think that the
eets of the shear eld are negligible, but this is not the ase, as it is evidened by the values of
the rest of the ritial exponents. In fat, anisotropy eets are important, even if a small external
eld, in this ase γ˙ = 1/32, is applied. The dynami exponent z(γ˙ = 1/32) = 1.77(7) indiates
that the orrelation length (in the longitudinal diretion, see 4.3) grows faster with time than the
orresponding one in the Ising model z = 2.16, and the dierene between ν⊥(γ˙ = 1/32) = 0.78(1)
and ν‖(γ˙ = 1/32) = 0.57(5) reveals an anisotropi ritial behavior even at small shear rate values.
The situation is dierent for the ritial exponents at the largest values of γ˙ investigated. The
values of the exponents are similar between eah other, suggesting that the ritial behavior does
not depend of the applied eld. This fat is also present in gure 5, where the ritial temperature is
approximately the same for the largest values of γ˙ used. Furthermore, we also notied that ν⊥ > ν‖
for γ˙ = 1/32, while it happens the opposite at large γ˙. At the moment, a reasonable explanation
for this issue is not possible due to the lak of a theoretial framework about the ritial behavior
of this model.
To end this setion, one nal omment is appropriate. In view of the values exposed in table 3, the
omputed ritial exponents do not belong to the universality lasses of the Ising or of the DLG
models respetively. This fat is not surprising sine, as we have seen, the shear rate aets the
ritial behavior of the model by induing anisotropi eets in the equilibrium model that hanges
its behavior. The ase of the DLG model is dierent. Although both models have a similar phase
behavior, the partile dynamis dened for the DLG model onserves the number of partiles while
our model does not. This dierene will probably aet the values of the ritial exponents, and
in onsequene there is no reason to expet that both models will belong to the same universality
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lass.
4.3 Longitudinal Correlation
In setion 3, it is assumed that the dynami inrease of the longitudinal orrelation length ξ‖ and
the breakage of the orresponding transversal one ξ⊥ at T = Tc are due to the anisotropy eets
indued by the external shear eld. This will ause that the short-time ritial dynami evolution
of the system initiated from either the FDC or GSC ongurations will depend only on the dynami
ritial exponent z‖ = z that desribes the ritial dynami inrease of ξ‖.
To show our hypothesis, we performed a saling of the whole urve of the OP (t) for the ases of
γ˙ = 1/2 (small driving eld) and γ˙ = 10 (large driving eld). We propose a phenomenologial
saling in the spirit of the saling form used by Family and Visek to desribe the roughness growth
of interfaes [26℄ (obviously in a dierent ontext not related to ours). This is given by the following
expression
OP = L−ωix f(t/L
z
x), (12)
where Lx is the longitudinal size, aording to the results exhibited in gures 3 and 7 a) and
b), respetively. The exponent ωi, i =FDC or GSC, is the exponent that has into aount the
nite-size ritial behavior of OP , and z is the relevant dynami ritial exponent. The idea of
this saling form is simple: if all the urves an be ollapsed by using the same dynami exponent
z independently of the initial ondition used to start the simulations, it an be demonstrated
numerially that only one orrelation is relevant in the ritial dynami behavior. Furthermore,
equation (12) must ontain both the ritial dynami behavior of OP aording to equations (5)
and (10) at the early times of evolution, and the nite size behavior in the limit of large times
(t → ∞) where the orrelation length is omparable to Lx. Therefore we have that f(u) must be
f ∝ (t/Lzx)
−β/ν‖z
or f ∝ (t/Lzx)
−β/ν⊥z
at early times u ≪ 1, depending if the initial ondition is
FDC or GSC respetively. This xes the nite-size exponent ωi in ωFDC = β/ν‖ or ωGSC = β/ν⊥
aording to the initial onguration used to start the simulations.
Figures 8 and 9 a) and b) exhibit both the nite-size dependene of OP (t) with the longitudinal size
Lx (insets), and the saling funtion f(t/L
z
x) (main plots), for the small and large external elds,
represented by γ˙ = 1/2 (gures 8) and γ˙ = 10 (gures 9) respetively. In all plots, the nite-size
dependene is obtained by alulating the saturated value of OP (t), OPsat, from gures 3 and 7,
whih were plotted versus Lx.
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Figure 8: Log-log plots of the saling funtions f(t/Lz) (see equation (12)) of the time evolution of
OP (t) when the system is started from FDC and GSC ongurations (main plot of gure a) and b)
respetively) orresponding to a system with external eld of magnitude γ˙ = 1/2. The insets of both
gures show the nite-size dependene and the orresponding power-law t in a double logarithmi
sale. The values of the orresponding ts are ωFDC = 0.50(1) (inset of a) ) and ωGSC = 0.53(1)
(inset of b)), respetively.
As it an be observed in the insets of the plots in gures 8 a) and b) the size dependene of OP
in the long time regime an be well tted by a power law as it is proposed in equation (12). The
estimated exponents ωfdc = 0.50(1) and ωgsc = 0.53(1) were not onsistent with the expeted val-
ues ωFDC = β/ν‖ = 0.263(3) or ωGSC = β/ν⊥ = 0.242(2). However, the good ollapses performed
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with the same z(γ˙ = 1/2) = 1.45(3) exhibited in the main plots of both gures learly evidenes
that only longitudinal orrelations are relevant in the ritial evolution of the system at short times.
On the other hand, the insets of gure 9 a) and b), show that the nite-size behavior of OP (t)
is also a power law for the ase of large shear eld magnitudes, represented by γ˙ = 10. Opposite to
the ase with γ˙ = 1/2, the estimated values of ωfdc = 0.29(2) and ωgsc = 0.34(3) were in agreement
with the expeted values ωFDC = β/ν‖ = 0.291(2) or ωGSC = β/ν⊥ = 0.342(2) alulated from
Table 3. The good ollapses performed with z(γ˙ = 10) displayed in the main plots of the gures
allow us to onlude that the same behavior observed for small γ˙′s is also exhibited by systems
with large values of the external elds.
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Figure 9: Log-log plots of the saling funtions f(t/Lz) (see equation (12)) of the time evolution
of OP (t) when the system is started from FDC's and GSC's ongurations (main plot of gure
a) and b) respetively) orresponding to a system with external eld of magnitude γ˙ = 10. The
insets of both gures show the nite-size dependene and the orresponding power-law t in a
double logarithmi sale. The values of the orresponding ts are ωfdc = 0.29(2) (inset of a) ) and
ωgsc = 0.34(3) (inset of b)), respetively.
To summarize. we have shown that the ritial dynami evolution of the system, started from
either FDC's or GSC initial ongurations, an be saled with the dynami ritial exponent z
proposed in Setion 3. Based on the arguments exposed in Setion 3, we an onlude that, in
the short time limit of the ritial evolution, the orrelations along the eld axis (longitudinal) are
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more relevant than transverse (perpendiular) orrelations. Furthermore, the obtained nite-size
exponents ωi are only in aordane with those alulated using the ritial exponents enlisted in
Table 3 orresponding to γ˙ = 10, while at γ˙ = 1/2 they dier by a fator of nearly 2.
5 Disussion and Conlusions
In this work, the seond-order phase transition in the 2d non-onserved Ising model under the ation
of an external driving shear eld was investigated by studying the ritial evolution of the system
in the short-time regime. In order to apply this method, the dynami evolution of the system at
T ≃ Tc(γ˙) was monitored when it is initiated from fully disordered initial ongurations (FDC),
and from the ompletely ordered onguration (GSC).
Starting the system from FDC's ongurations, the time evolution of the order parameter OP
follows a power law behavior at the ritial temperature Tc, while at slightly dierent values of T
the power law is modulated by a saling funtion that bends upwards or downwards depending if
the temperature is less or greater than Tc, respetively. The ritial evolution was studied on square
and retangular latties of dierent sizes Lx and Ly, and the results indiate that the short-time
ritial evolution is free of shape eets. Furthermore, the saturation value reahed by OP depends
only on Lx. The ritial evolution started from FDC's ongurations was studied for dierent values
of γ˙, and the diagram of redued temperatures Tc(γ˙)/Tc(0)− 1 versus γ˙, Tc(0) = 2.269 J/kB was
drawn. As a rst observation, all the values found for Tc(γ˙) are always greater than the 2d ritial
temperature of the Ising model, that is typial for models driven out of equilibrium by an external
eld. Furthermore, two regimes an be distinguished: 1) a growing regime where Tc(γ˙)/Tc(0) − 1
∝ γ˙ψ. The exponent ψ was alulated by means of a linear regression t, giving ψ = 0.52(3),
whih is onsistent with theoretial preditions in ref. [7℄; 2) a saturation regime, where Tc(γ˙) does
not hange appreiably with γ˙. In this regime Tc(γ˙) ∼ 1.18Tc(0). A similar diagram was already
observed in the DLG model [10℄, where the temperature grows with the magnitude of the driving
eld and then saturate at large values.
On the other hand, the ritial dynami behavior of the model was also investigated when it is
initiated from the ground state onguration (GSC). A dereasing power law is observed for OP (t)
at the same Tc(γ˙) found when the system was started from FDC ongurations. This evidenes that
the model experienes a seond order phase transition, as expeted. Also in this ase, the ritial
evolution of the system was simulated on retangular and square latties of dierent sizes. It was
found that the ritial evolution is independent of the shape of the lattie and the saturation value
of OP only depends on the longitudinal size Lx, as for evolutions initiated from FDC ongurations.
So, it is onluded as a general result that in the short-time sale, the system ritial evolution is
free of shape eets, as it is also observed for the ritial evolution of the DLG model in the same
time interval [21℄.
Then, the quantities ci (i = 1, 4), dened in set. 3, were studied in order to alulate the ritial
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exponents of the transition. Starting from FDC's initial ongurations, the dynami ritial behav-
ior at small γ˙ is slower than at larger γ˙'s. As it an be observed in gure 2 and in Table 1, the order
parameter exponent c1 is smaller at γ˙ = 1/32 than at larger γ˙'s. Also, its logarithmi derivative
exponent c2 is dierent for this ase. On the other hand, the values of c1 and c2 are more stable
for larger γ˙'s, although c1 at γ˙ = 50 is slightly smaller than the estimated values for γ˙ = 5, 10 . A
similar senario was found for the order parameter c3 and its derivative c4 exponents starting from
the GSC onguration.
By ombining these exponents, the stati and dynami ritial exponents β, ν⊥, ν‖ and z were
alulated and are enlisted in table 3. The order parameter ritial exponent β for γ˙ = 1/32 is
similar to the value alulated for the Ising model, but the values of z, ν‖ and ν⊥ show that the
anisotropy introdued by suh a small external eld is relevant. At large γ˙'s, all the exponents
are similar within a small range, suggesting that the ritial behavior of the model is pratially
independent of the magnitude of the eld in this regime. Furthermore, Table 3 also shows that the
ritial exponents of the sheared model do not belong to the universality lass of the Ising or of the
DLG model, even if this model shows a similar phase behavior.
Finally, the ritial exponents summarized above were omputed based on the fat that only the lon-
gitudinal orrelation length is relevant for the dynami ritial behavior of the model, independently
of the initial onguration. In order to hek this, a nite-size saling of the dynami evolution
of OP was performed with the aid of equation (12). This equation must ontain both the ritial
dynami behavior of equations (5) and (10) at early times of evolution, and also the nite-size
ritial behavior at long times. As a onsequene, the nite-size exponents must be ωFDC = β/ν‖
and ωGSC = β/ν⊥ for both initial onditions respetively. By measuring the saturated values of
OP , OPsat, and omputing the exponents ωFDC and ωGSC the time series of OP were ollapsed
for the system initiated from ordered and disordered ongurations as the main plots of gures 8
and 9 show. Therefore, it is onluded that only the longitudinal orrelation length ξ‖ takes part
in the ritial evolution of the Ising model when an external shear eld is applied. Furthermore,
the nite-size exponents ωFDC and ωGSC were not onsistent with the rates β/ν‖ and β/ν⊥ for
the ases orresponding to γ˙ = 1/2, while they are in good agreement for a shear eld of magni-
tude γ˙ = 10. This disrepany between the predited and measured ritial exponents for the ase
γ˙ = 1/2, together with the fat that the values of the ritial exponents estimated for smaller γ˙
are not similar with those orresponding to larger values of γ˙ (see Table 3), may be explained by
onjeturing that, at suh small values of the shear rate, the system is less perturbed by the external
driving. This means that the growth of transverse ritial orrelations is less aeted by the shear
eld, and may beome relevant in the short time regime. If this is so, our saling assumptions will
be not longer valid, and both ξ's need to be onsidered in order to propose saling forms for the
dynami ritial behavior of the model in this regime. In order to study this, new simulations of
the model with γ˙ = 1/32 were performed, but they demanded a lot of omputational time, speially
23
when the system is started from the GSC ongurations beause they needed larger lattie sizes
and evolution time intervals in order to obtain good power laws and saturation regimes (L ≥ 10000,
evolution time intervals of the order of 106 MCS or larger), so we did not obtained reliable results.
As a onsequene, this interesting subjet will be left for further researh in the future. In ontrast,
at larger γ˙′s, the good agreement between β/ν‖ and β/ν⊥, alulated from the exponents in Table
3, and the estimated values of ωFDC and ωGSC respetively, suggest that the ritial behavior is
dierent from both the ases with smaller γ˙′s, and also from the Ising and DLG models at large
external elds [21, 22℄.
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